A GENERALISATION OF THE RIEMANNIAN LINE-ELEMENT*

BY

J. L. SYNGE

1. In a manifold of N dimensions and coordinate system ¢, let P(xf)
and Q(af+ dxf) be two points with infinitesimal codrdinate differences.
Our fundamental postulate is as follows:

PoSTULATE. The points P and Q define an invariant infinitesimal line-
element ds, expressible as a function of x', 2% -..,2%,dx',dz? .., dx¥.

Obviously ds must be homogeneous of the first degree in the differentials,
and we write

1.1 ds® = F(a', -, a8 daty -, da®),

where F' is homogeneous of the second degree in the differentials.t We
shall in general write

(12) Faty ooy 81,00, ) o F(as 8).
The further essential postulate in the differential geometry of Riemann is
(1.3) F(x;dr) == gydatdal,

where gy are functions of the coordinates only. In the present paper
I wish to develope the more obvious deductions from (1.1), without
assuming (1.3).
2. For a coordinate transformation ¢ = ("', ..., 2'Y), we have.
writing ¢ == da#/dt, .
out

(2’1) at == 8‘.’17’ a .
and therefore
dat oLt
(22) B9al  aali”
also
d 9.ut 8%at ., B
23) FTI E/ i W el v/

* Presented to the Society, December 30, 1924.
1 Cf. P. Finsler, Uber Kurven und Flichen in allgemeinen Riumen, Dissertation, Gottingen,
1918, p. 33, and J. A. Schouten, Der Ricci-Kalkiil, Berlin, 1924, p. 36.
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1f ¥ be any invariant function of the codrdinates and their first derivatives
with respect to {,

oy oy iy da

0%~ oa oat - oa oz Y 3D
Thus dy/dx* is a covariant vector. Also
w0 (aw azk) 'y 9L 0ok
ax'tox’ —  oxt\axk axV]  oxtaak ax't 9xV

Thus 8%y/6x*0x/ is a covariant tensor of the second rank. Similarly
a%yw/oxtox 07* is a covariant tensor of the third rank.
We shall call
1 o?

Ji =g gaiga T &)

the fundamental tensor, noting that if (1.3) is true, fj = g¢i. Since F is
homogeneous of the second degree in the derivatives of the codrdinates,
fij is homogeneous of zero degree. Therefore Euler’s theorem gives

(2.4) ZJ;*,; i = 0.

Also, obviously,
25) U4 = 0.

Using the homogeneity conditions we find
(2.6) ds® = F(z; z)dt* = fydaidal,

a formula analogous to (1.3).
Defining f¥ as the minor of the determinant ' = || fmn || corresponding
to fi, preceded by the proper sign and divided by f, we have

2.7 SUfiy = 0 (= 1 for i = k; = 0 for < 4 k)

and the ordinary mode of proof establishes that ¥ is a contravariant tensor
of the second rank. (Cf. Eddington, Report on the Relativity Theory of
Gravitation, 1920, p. 35.)

3. Defining the geodesics as curves of stationary length, we obtain from
the calculus of variations the equations
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aVF 3aVF

o oat

. d
3.1 G; = 1l = 0,

where F = F(x; ), which equations retain their form for transformation
of the parameter. For any other system of codrdinates z'%,

s d aVF sVF
YAt et pa’t

or, since 3V F/o& is covariant,

o — (al/F BwJ) oV'F 8a/ _ aV'F aa/
P\ e axt da) 9t dx) Bt
aVF ( da a:bf)
oz’ \dt ax'* 0aft

=G Bx" +

and thus, by (2.3), G; is a covariant vector.
An explicit form of the geodesic equations is obtained as follows:
For any curve, choose ¢ = s, so that / = 1 along the curve. Then

2 ds doxt 2 axt  ds ot axt dat
and therefore

14 oF 1 2F 4VF al/F+VF(d oVF _ aVF)

1 d oF 1 oF
3.2) Gi= 5 39 2 o

But F = f; 2* &/, and thus
) hl Bf,k)_i_?l&_
G =35 (f“”+ T 25 )T g e P

___fl__ u..____l__af‘;'k... N
— L (a5 B i, vy 25),

and, again using (2.5), we obtain

(3.9) — w4 [ e,

where

2[jik] _ b‘fu_,_ dfi __ 0fjx

o’ 9t



64 J. L. SYNGE [January

Hence
(3.4) G = filG = 34 {Jzklrzd 2k
where '

:j/.l.-} — [jlk}

2

and if the curve is a geodesic, its equations take the well known form for
parameter s,

(3.5) i 1 L G g = 0,

The Christoffel symbol is homogeneous of zero degree in the first derivatives
of the codrdinates with respect to s.

4. The equations of Levi-Civita for parallel propagation of a vector along
a curve may easily be modified to meet the case of our more general
metric. Let

2[j k] L0y B g 1 O°F
9 x* o’ 9at 2 dxtdx) dxk’

P - )

Let Y be defined as

(4.1) Yi= Xit {J L}ijk_; {/ kleJx"

where X¢ is a contravariant vector given as a function of ¢ along
a curve af = a%(¢). For the codrdinate system '/,

P i f a XJ{ 8jtJ et ( 3fl.1 0 fir 3.f.1k) }

ax'* + a7  5at

A 890"
d _ij_) iy ( aam 8xn)
- dt(\ dam 2’N X At V™ 9T 9Lt

wm axn 8 3‘Lm awﬂ .
{"[axll fmn ax/l 6:1"") aﬁll (fmn 811" aa‘lk)]w,k}.



1925) GENERALIZED RIEMANNIAN LINE-ELEMENTS 6D

Thus

.1 , a.’l’l = ,7,Li(8x'i)_L__1__ 13l .".i[ . i(a.’lfm_ 8:1:")
e T A g G T A ]‘/""‘dt ax'i Bat

. 9 [oa™ Pat 8 [ax™ 8x*\]..
+./mn 31‘," 8w’l 8.’[‘,’5 - ax’l a x’j ax’k ax

L 6fmn dx® dx™ dat oxP 3 ;c'" 3" i ]

Yaar | 54 3t 8’1” 8a’l axj 8x’k J.

But, by (2.5),
a.fmn ox" .1 afmn *n

oap ok o 0
hence, using (2.3),
vt 't 25l xeli g™ o
b} i ymm - ax,m “l‘,f @ A men j iJ 87"1
o't ox't 9" dx™ Bt
e i Xp
xm ™ +rEX Bxf"fqr dx™ dx* dxV dx’

ax’t | 04V st fam
Xp(axp + daP oam ax'j)

o (axt 8’ dam™ 84l
= Xp (= — = T T
0P o™ ox’) dxP

= 0, by (2.2).

Thus Y7 is a contravariant vector, and we shall define parallel propagation
of X? by the equations

: T I T PN R
(4.2) 1 ._A.x+“.,XJx'+{j}tho

which reduce to the equations of Levi-Civita when (1.3) is true.

5. We shall now proceed to the definition of angle. Let 4 be any point
and p,q two curves emanating from .i. ILet P, @ be points on p, ¢
respectively, such that the arcs 4 P, 4 Q ave each equal to s. Let PQ = o.
We shall define the angle 6 between p and ¢ by the equation

®.1) cos f = 1— l lim f—g

If the coordinates of A are ./ and those of P, Q are 2-}daf, «*-1da’
respectively, we find

1 dx da
5.2 cosf == 1 — = F|u; ada Pl
62 2 (“' Vil do) ) F(r,dx))
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But the expression on the right retains the same value if dz!, ---, daz¥
or dx', ..., dx% are replaced by quantities proportional to them, and
therefore (5.2) defines the angle between the curves if dx, dx are any
infinitesimal displacements in the directions of the curves. Since F' is
homogeneous of the second degree in its directional arguments, the angle thus
defined does not depend on' the order in which the curves are considered.

There is, however, another definition of angle which extends the
fundamental property of parallel propagation in Riemannian space into the
more general type under consideration. If we are given two vectors X? Y*
at a point on a curve C, we define the angle @ (X, Y; C) between the
vectors, with respect to C, by

Ji XY

5.3 cos D(X,Y;C) — —— -
( ) ( ! ) l/ﬁnn X"’ ‘f})q Yp Irq Yy

where the directional arguments of the #’s are the cotrdinate derivatives z*
along C. Now if X and Y undergo parallel propagation along C,

L Goxiwn) = — gy ([ M M) oo vt vy

(e sl

P
= 0.

Similarly the denominator in (5.3) also has a zero derivative, and thus
the angle between two vectors, with respect to a curve, remains constant when
both vectors undergo parallel propagation along the curve.

The foregoing definition of angle with respect to a curve gives us at
once a definition of perpendicularity of Y with respect to X, expressed by
the relation

Cvivi . 1 0F(x; X)
(54) JiXtY) = 5 X Yi ==
where the directional arguments of f; are the components of X. We say,
then, that fwo vectors are perpendicular with respect to one another if

AF(z; X) Yi OF(x; Y)

X’ oyt X =0

(5.5)
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This last idea leads to consideration of a type of principal direction in
a two-dimensional space, non-existent for the Riemannian metric; those

directions may be termed principal which are perpendicular with respect to
one another.
As a simple illustration, let

(5.6) ds = VgL g2t .
Then the conditions (5.5) give

Xyt x#yr—— vyt y®x? — 9.
Therefore
Yl== 472

X'=FX?
and the differential equations of the principal directions are
5.7 dx' +dx® == 0.

As in Riemannian geometry, every null-direction is perpendicular to itself
in the sense of (5.4).
6. In the case where ds®= F(x; dx) is a function of the differentials

only, as in (5.6), f;; are independent of the coordinates «¢, and {jz."} =0.
Thus, by (3.5), the equations of the geodesics are

a2zt
(6.1) T =0
whence
(6.2) ro= Ms+ o,

Therefore for such types of line-element, the axioms of connection and
order hold, as well as those axioms of congruence which do not deal with
angles. Planes exist and the euclidean axiom of parallels is true.

For parallel propagation along any geodesic, we find from (4.2) and (6.1)

(6.3) X¢ = constant.
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